Rules for integrands of the form (e Trig[a+bx])" (f Trig[c +dx])"

1. |Trig[a+bx] Trig[c +d x] dx when b% -d? # 0

1: Jsin[a+bx] Sin[c +dx] dx when b?-d? @

Derivation: Algebraic expansion
Basis: Sin[v] Sin[w] == % Cos[v-w] - % Cos[V + W]

Rule: If b2 - d? + 0, then

Sin[a -c+ (b-d) x] Sin[a +c+ (b+d) Xx]

Jsin[a+bx] Sin[c+dx] dx —
2 (b-d) 2 (b+d)

Program code:

Int[sin[a_.+b_.#x_]sin[c_.+d_.#x_],x_Symbol] :=
Sin[a-c+(b-d) *x] /(2% (b-d)) - Sin[a+c+(b+d)*x]/ (2% (b+d)) /;
FreeQ[{a,b,c,d},x] && NeQ[b*2-d*2,0]



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

2: JCos[a+bx] Cos[c +dx] dx when b?-d?#0

Derivation: Algebraic expansion
Basis: Cos [v] Cos [w] == % Cos[v-w] + % CoS [V + W]

Rule: If b? - d? + 0, then

Sin[a -c+ (b-d) x] Sin[a +c+ (b+d) Xx]
+

JCos[a+bx] Cos[c +dx] dx —
2 (b-d) 2 (b+d)

Program code:
Int[cos[a_.+b_.*x_]*cos[c_.+d_.*x_],x_Symbol] :=

Sin[a-c+ (b-d) #x] /(2% (b-d)) + Sin[a+c+ (b+d)+x]/ (2% (b+d)) /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-d"2,0]

3: [sin[a+bx] Cos[c+dx]dx when b?-d?+0

Derivation: Algebraic expansion
Basis: Sin[v] Cos[w] == > Sin[v+w] + 2 Sin[v - w]

Rule: If b% - d? # 0, then

Cos[a -c+ (b-d) x] Cos[a +c+ (b+d) X]

Jsin[a+bx] Cos[c+dx] dx — -
2 (b-d) 2 (b+d)

Program code:

Int[sin[a_.+b_.*x_]#cos[c_.+d_.*x_],x_Symbol] :=
-Cos[a-c+ (b-d) xx]/ (2% (b-d)) - Cos[a+c+ (b+d) *xx]/ (2% (b+d)) /;
FreeQ[{a,b,c,d},x] && NeQ[b”2-d*2,0]



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

2. J(eCos[a+bx])'“ (fsin[a+bx])" (gSin[c+dx])?dx whenbc-ad=0 A %::2
1. J(eCos[a+bx])m (gSin[c+dx])pdlx whenbc-ad=0 A %::2

1: [Cos[a+bx]? (gSin[c+dx])?dx whenbc-ad=0 A §==2 A (Eez* V p¢z)

Derivation: Algebraic expansion

Basis:Cos[z]%2 =1 + 1 Cos[2z]

Basis: Sin[z]? == Cos[2z]

Note: Although not necessary, this rule produces a slightly simpler antiderivative than the following rule.

Rule:if bc-ad=0 A 2 =2 (2ez" Vv pe¢z),then

1 1
JCos[a+bx]2 (gsin[c+dx])Pdx — ;J(gsin[c+dx])pd1x+;JCos[c+dx] (gsin[c+dx])”dx

Program code:

Int[cos[a_.+b_.*x_]"2%(g_.#sin[c_.+d_.*x_])"p_,x_Symbol] :=
1/2+Int[ (g*Sin[c+dxx])"p,x] +
1/2+Int[Cos[c+dx]*(g*Sin[c+dxx])"p,x]| /;

FreeQ[{a,b,c,d,g},x] & & EqQ[bxc-axd,0] & EqQ[d/b,2] && IGtQ[p/2,0]

Int[sin[a_.+b_.#x_]"2#(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
1/2+Int[ (g*Sin[c+d#x]) p,x] -
1/2+Int[Cos[c+dx]*(g*Sin[c+dxx])"p,x]| /;

FreeQ[{a,b,c,d,g},x] & & EqQ[bxc-axd,0] & EqQ[d/b,2] && IGtQ[p/2,0]



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

2: J(eCos[a+bx])"‘Sin[c+dx]Pdlx whenbc-ad==0 A S::Z ADEZ

Derivation: Algebraic simplification
Basis: Sin[z] =2Cos| 2] Sin|Z]

Rule:lff bc-ad=0 A & =2 A pezthen

2P
J(eCos[a+bx])"‘Sin[c+dx]”d1x — —pJ(eCos[a+bx])“"’"Sin[a+bx]"d1x
e

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_.#sin[c_.+d_.*x_]"p_.,x_Symbol] :=
27p/e*pxInt[ (exCos[a+bxx]) " (m+p) «Sin[a+bxx]"p,x]| /;
FreeQ[{a,b,c,d,e,m},x] &% EqQ[bxc-axd,0] && EqQ[d/b,2] && IntegerQ[p]

Int[(f_.*sin[a_.+b_.*x_]1)"n_.#sin[c_.+d_.*x_]"p_.,x_Symbol] :=
2"p/f"p*Int[Cos[a+b*x]"p*(-F*Sin[a+b*x])"(n+p),x] /3
FreeQ[{a,b,c,d,f,n},x] && EqQ[bxc-axd,0] && EqQ[d/b,2] && IntegerQ[p]



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

3. J(eCos[a+bx])"‘ (gsin[c+dx])Pdx whenbc-ad==0 A %::2 ADPEZ

1: J(eCos[a+bx])"‘ (gsin[c+dx])?dx whenbc-ad=0 A E::ZA P¢Z Am+p-1:=20

Rule:lf bc-ad=0 A 2=2Ap¢ZAm+p-1-=0,then

e? (eCos[a+bx])™2 (gSin[c+dx])ID+1

J(eCos[a+bx])’“ (gsin[c+dx])Pdx —
2bg (p+1)

Program code:

Int[(e_.#cos[a_.+b_.xx_]) m_x(g_.#sin[c_.+d_.xx_])"p_,x_Symbol] :=
e72x (exCos [a+bxx]) " (m-2) » (g+Sin[c+dxx] )~ (p+1) / (2+bxg* (p+1)) /;
FreeQ[{a,b,c,d,e,g,m,p},x] & EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && EqQ[m+p-1,0]

Int[(e_.#sin[a_.+b_.xx_])"m_x(g_.#sin[c_.+d_.xx_])"p_,x_Symbol] :=
-e"2x (exSin[a+bxx] )" (m-2) x (gxSin[c+dxx] )~ (p+1) /(2xbxgx (p+1)) /;
FreeQ[{a,b,c,d,e,g,m,p},x] & EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && EqQ[m+p-1,0]

2: j(eCos[a+bx])'" (gsin[c+dx])?dx whenbc-ad=0 A E::ZA PEZ AmM+2p+2==0

Rule:ifbc-ad=0 A =2 Ape¢zZ Am+2p+2-=0,then

(eCos[a+bx])™ (gSin[c+dx])p+1

J(eCos[a+bx])"‘ (gsin[c+dx])Pdx — -
bgm

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_.*(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
- (exCos [a+bxx]) *mx (g*Sin[c+d*x] )" (p+1) / (bxgxm) /;
FreeQ[{a,b,c,d,e,g,m,p},x] & EqQ[bxc-axd,0] &% EqQ[d/b,2] && Not[IntegerQ[p]] && EqQ[m+2xp+2,0]
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Int[(e_.*sin[a_.+b_.*x_1)"m_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
(exSin[a+bxx]) mx (gxSin[c+d#x])" (p+1) /(bxgxm) /;
FreeQ[{a,b,c,d,e,g,m,p},x] &% EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && EqQ[m+2xp+2,0]

3. J(eCos[a+bx])'" (gsin[c+dx])?dx whenbc-ad=0 A E::Z APEZ Am>1

1. J(eCos[a+bx])"‘(gSin[c+dx])Pdlx whenbc-ad=0 A %::2 ApPeZ Am>1Ap<-1

1:Jkemsp+bth(gﬁnk+dx”pdeMHbc—ad=0A‘%=2Ap¢Z/\m>2Ap<—1

Rule:ifbc-ad=0 A 2=2Ape&zZAm>2Ap<-1,then

JYeCoqa+bem(gSﬂuc+dx”de-q

e? (eCos[a+bx])™? (gsin[c+dx])P" &% (msp-1
.

2bg (p+1) 4g® (p+1)

) J(eCos[a+bx])"“4 (gSin[c+dx])p+2d]x

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
e"2x (exCos [a+bxx]) " (m-2) » (g+Sin[c+dxx] )~ (p+1) / (2+bxg (p+1)) +
e (m+p-1) / (4xg"2x (p+1) ) »Int[ (exCos[a+bxx]) ~ (m-4) » (g+Sin[c+d*x] )" (p+2),x]| /;
FreeQ[{a,b,c,d,e,g},x] &% EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[m,2] && LtQ[p,-1] && (GtQ[m,3] || EqQ[p,-3/2]) && IntegersQ[2

Int[(e_.#sin[a_.+b_.xx_])"m_x(g_.#sin[c_.+d_.xx_])"p_,x_Symbol] :=
—eAz*(e*Sin[a+b*x])A(m—Z)*(g*Sin[c+d*x])A(p+1)/(2*b*g*(p+1)) +
eMx (m+p-1) / (4xg 2% (p+1)) »Int [ (exSin[a+bxx] )~ (m-4) « (g*Sin[c+dxx])~ (p+2),x] /;
FreeQ[{a,b,c,d,e,g},x] &% EqQ[bxc-ax+d,0] &% EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[m,2] && LtQ[p,-1] && (GtQ[m,3] || EqQ[p,-3/2]) && IntegersQ[2

2: J(eCos[a+bx])’“(gSin[c+dx])pd1x whenbc-ad=0 A %::2 APEZ AmM>LApP<-1AmM+2p+24#0

Rule:lfbc-ad=0A 2 =2ApegzZAm>1Ap<-1Am+2p+2#0,then



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

f(eCos[a+bx])"‘ (gsin[c+dx])Pdx —

eCos[a+bx])" (gSin[c+dx])"" o2 2p+2
( [a+bx]) (g [c+ ]) . e (m+2p+2) J(eCos[a+bx])m'2 (gsin[c+dx])"*2d1x
2bg (p+1) 4g? (p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_])"m_x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
(exCos [a+bxx]) "mx (g+Sin[c+d+x]) " (p+1) / (2+bxgx (p+1)) +
e"2x (M+2xp+2) / (4%g"2x (p+1) ) »Int [ (exCos [a+bxx]) "~ (m-2) » (g*Sin[c+d#x] )~ (p+2) ,x] /38

FreeQ[{a,b,c,d,e,g},x] &% EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] &&% GtQ[m,1] && LtQ[p,-1] && NeQ[m+2xp+2,0] &&
(LtQ[p,-2] || EqQ[m,2]) && IntegersQ[2xm,2xp]

Int[(e_.xsin[a_.+b_.*x_])"m_x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
- (exSin[a+bxx])mx (g+Sin[c+d+x] )" (p+1) / (2xbxgx (p+1)) +
e"2x (M+2xp+2) / (4%g"2x (p+1) ) *Int [ (e*Sin [a+b*x])"(m—2) * (g*Sin[c+d*x])"(p+2) ,X] /3

FreeQ[{a,b,c,d,e,g},x] &% EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] &&% GtQ[m,1] && LtQ[p,-1] && NeQ[m+2xp+2,0] &&
(LtQ[p,-2] || EqQ[m,2]) && IntegersQ[2xm,2xp]

2: J(eCos[a+bx])'“(gSin[c+dx])pd1x whenbc-ad=0 A %::2 APEZ Am>LAmM+2p#0

Rule:ifbc-ad=0 A $=2Ape¢zZAm>1Am+2p#80,then

j(eCos[a+bx])’" (gsin[c+dx])Pdx —

e2 (eCos[a+bx])™? (gSin[c+dx])P? g2 -1
+ (g + ) +e (m+P )‘J‘(ecos[a*‘bx])m—z (gSin[c+dX])pd]X
2bg (m+2p) m+2p

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
e"2x (exCos [a+bxx]) " (m-2) » (g+Sin[c+dxx] )" (p+1) / (24bxgx (M+2+p)) +
e"2x (m+p-1) / (m+2#p) *Int [ (exCos[a+bxx]) " (m-2) » (gxSin[c+d#x] ) p,x] /;
FreeQ[{a,b,c,d,e,g,p},x] & & EqQ[bxc-axd,0] & & EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[m,1] &% NeQ[m+2xp,0] && IntegersQ[2xm,2xp]
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Int[(e_.*sin[a_.+b_.*x_]1)"m_x (g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
—eAz*(e*Sin[a+b*x])A(m—Z)*(g*Sin[c+d*x])A(p+1)/(2*b*g*(m+2*p)) +
e"2x (m+p-1) / (m+2#p) *Int [ (exSin[a+bxx]) " (m-2) » (gxSin[c+d#x]) p,x] /;

FreeQ[{a,b,c,d,e,g,p},x] && EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[m,1] &% NeQ[m+2xp,0] &% IntegersQ[2xm,2xp]

4: J(eCos[a+bx])'" (gsin[c+dx])?dx whenbc-ad=0 A E::ZA P¢Z AmM<-1 Am+2p+2#0 Am+p+1#0

Rule:ifbc-ad=0 A 2 =2ApezZAm<-1Am+2p+2+08 Am+p+1#86,then

f(eCos[a+bx])"‘ (gsin[c+dx])Pdx —

(eCos[a+bxj|)'“(gSin[c+dx])p+1 m+2p+2
- + J(eCos[a+bx])’"*2 (gsin[c+dx])Pdx
2bg (m+p+1) e2 (m+p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_])"m_x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
- (exCos [a+bxx]) Amx (g+Sin[c+d+x] )" (p+1) / (24bxgx (M+p+1)) +
(m+2*p+2)/(e"z*(m+p+1))*Int[(e*Cos[a+b*x])"(m+2)*(g*sin[c+d*x])"p,x] /3
FreeQ[{a,b,c,d,e,g,p},x] & & EqQ[bxc-axd,0] & & EqQ[d/b,2] &% Not[IntegerQ[p]] && LtQ[m,-1] && NeQ[m+2xp+2,0] && NeQ[m+p+1,0] && IntegersQ[2xm,2x|

Int[(e_.xsin[a_.+b_.*x_])"m_x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
(E*Sin [a+b*X] ) m* (g*Sin [c+dxX] ) n (p+1)/(2*b*g* (m+p+1)) +
(m+2*p+2)/(e"z*(m+p+1))*Int[(e*S:i.n[a+b*x])"(m+2)*(g*Sin[c+d*x])"p,x] /3
FreeQ[{a,b,c,d,e,g,p},x] && EqQ[bxc-axd,0] & & EqQ[d/b,2] &% Not[IntegerQ[p]] && LtQ[m,-1] && NeQ[m+2xp+2,0] && NeQ[m+p+1,0] && IntegersQ[2xm,2x|

5. |Cos[a+bx] (gSin[c+dx])"dx whenbc-ad=0 A %::2 Apez

1: |Cos[a+bx] (gSin[c+dx])Pdx whenbc-ad=0 A E::Z ADPEZ AP>0

Rule:if bc-ad=0 A 2 =2Apez Ap>0,then



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

2Sin[a+bx] (gSin[c+dx])? 2
JCos[a+bx] (gsin[c+dx])Pdx — ( ) . P8 Jsin[a+bx] (gSin[c+dx])p'1d1x
d(2p+1) 2p+1

Program code:

Int[cos[a_.+b_.*x_]#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
2*Sin[a+b*x]*(g*Sin[c+d*x])"p/(d* (2xp+1)) + 2xpxg/ (2xp+1) xInt [Sin[a+b*x]*(g*Sin[c+d*X])"(p—l),x] /3
FreeQ[{a,b,c,d,g},x] & EqQ[bxc-axd,0] &% EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[p,0] && IntegerQ[2xp]

Int[sin[a_.+b_.*x_]*(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
-2#Cos [a+bxX] » (g*Sin[c+d#x])"p/ (dx (2xp+1)) + 2xpxg/ (2xp+1) +Int[Cos[a+bxx]x (g+Sin[c+dxx] )~ (p-1),X]| /;
FreeQ[{a,b,c,d,g},x] & EqQ[bxc-axd,0] &% EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[p,0] && IntegerQ[2xp]

2: |Cos[a+bx] (gSin[c+dx])?dx whenbc-ad==0 A E::Z ApPEZ Ap<-1

" Rule:lfbc-ad=0 A %::ZApeEZ/\p<—1,then

+

JCos[a+bx] (gsin[c+dx])Pdx —
2bg (p+1) 2g(p+1)

Cos[a+bx] (gsin[c+dx])P* 2p+3 )
J.Sin[a+bx] (gsin[c+dx])"" dx

Program code:

Int[cos[a_.+b_.*x_]#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
Cos [a+b*x]*(g*sin[c+d*x])’\(p+1)/(2*b*g* (p+1)) +

(2#p+3) / (2+g* (p+1) ) *Int [Sin[a+bxx] » (gxSin[c+d*x] )~ (p+1),Xx]| /3
FreeQ[{a,b,c,d,g},x] & & EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && LtQ[p,-1] && IntegerQ[2xp]

Int[sin[a_.+b_.*x_]*(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
-Sin[a+bxx] » (g+Sin[c+d+x]) " (p+1) / (2xbxgx (p+1)) +
(2#p+3) / (2+g* (p+1) ) *Int [Cos [a+bxx] » (gxSin[c+d*x] )~ (p+1) ,X]| /3
FreeQ[{a,b,c,d,g},x] & & EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && LtQ[p,-1] && IntegerQ[2xp]
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Cos[a + bx] d
3: J d]XWhGﬂbC—ad::@/\;::Z
Sln[c+dx]

Rule:lf bc-ad=0 A ¢ == 2, then

b
Cos[a+bx] Arcsin[Cos[a+bx] - Sin[a+bx]] Log[Cos[a+bx]+Sin[a+bx]+vsin[c+dx] ]
J—d]x — - +
VSin[c +dx] d d

Program code:

Int[cos[a_.+b_.+x_]/Sqrt[sin[c_.+d_.+x_]],x_Symbol] :=
-ArcSin[Cos [a+b#x]-Sin[a+bxx]]/d + Log[Cos[a+bxx]+Sin[a+bsx]+Sqrt[Sin[c+dxx]]]/d /;
FreeQ[{a,b,c,d},x] && EqQ[bxc-axd,0] && EqQ[d/b,2]

Int[sin[a_.+b_.+x_]/Sqrt[sin[c_.+d_.+x_]],x_Symbol] :=
-ArcSin[Cos [a+b#x]-Sin[a+bxx]]/d - Log[Cos[a+bxx]+Sin[a+bsx]+Sqrt[Sin[c+dxx]]]/d /;
FreeQ[{a,b,c,d},x] && EqQ[bxc-axd,0] && EqQ[d/b,2]

(gsin[c+dx])P 4
6: j dx whenbc-ad=0 A ===2 Ap¢z
Cos[a+bx] b

Derivation: Algebraic normalization

Basis: &sin2z1)? __ 5 o gin[z] (gsin[22])P

Cos[z]

Rule:lff bc-ad=0 A & =2 A p¢zthen

dx — 2g |Sin[a+bx] (gsin[c+dx])p‘1d1x

J-(gsin[c+dx])p

Cos[a+bXx]

Program code:

Int[(g_.#sin[c_.+d_.*x_])"p_/cos[a_.+b_.*x_],x_Symbol] :=
2xg+Int[Sin[a+bxx]« (g+Sin[c+d»x])~ (p-1),x] /;
FreeQ[{a,b,c,d,g,p},x] &% EqQ[bxc-ax+d,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && IntegerQ[2xp]

10
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Int[(g_.#sin[c_.+d_.*x_])"p_/sin[a_.+b_.+x_],x_Symbol] :=
2xg+Int[Cos [a+bxx]* (g+Sin[c+dxx])" (p-1),x]| /;
FreeQ[{a,b,c,d,g,p},x] &% EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && IntegerQ[2xp]

X: j(eCos[a+bx])’" (gsin[c+dx])Pdx whenbc-ad=0 A E::Z ADPEZ AM+peEZ

Rule:if bc-ad=0 A 2 =2Ape&zZ Am+p¢zthen

J(eCos[a+bx])’" (gsin[c+dx])Pdx —

(eCos[a+bx])™sin[a+bx] (gSin[c+dx])P p-1 m+p+1 m+p+3 ,
- Hypergeometr‘icZFl[— R R , Cos[a+bx] ]

+1
be (m+p+1) (Sin[a+bx]2)pT 2 2 2

Program code:

( Int[(e_.xcos[a_.+b_.*x_])"m_(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
—(e*Cos[a+b*x])"(m+1)*Sin[a+b*x]*(g*Sin[c+d*x])’\p/(b*e* (m+p+1) * (Sin[a+bxx]"2)~ ((p+1) /2) ) *
Hypergeometric2F1[- (p-1) /2, (m+p+1) /2, (m+p+3) /2,Cos [a+bxx]"2] /;
FreeQ[{a,b,c,d,e,g,m,p},x] & EqQ[bxc-axd,0] &% EqQ[d/b,2] && Not[IntegerQ[p]] && Not[IntegerQ[m+p]] =*)

(» Int[(f_.#«sinfa_.+b_.#x_])"n_.(g_.»sin[c_.+d_.*x_])"p_,x_Symbol] :=
-Cos[a+b*x] = ('F*Sin [a+bx*x] ) A(n+l) * (g*Sin [c+d*X] )"p/(b*f* (p+1) * (Sin [a+bxx] "2)"( (n+p+1) /2) ) *
Hypergeometric2F1[- (n+p-1) /2, (p+1) /2, (p+3) /2,Cos [a+bxx]"2] /;
FreeQ[{a,b,c,d,f,g,n,p},x] & EqQ[bxc-axd,8] & EqQ[d/b,2] & Not[IntegerQ[p]] && Not[IntegerQ[n+p]] =)

11



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

7: j(eCos[a+bx])"‘ (gsin[c+dx])?dx whenbc-ad=0 A E::Z ADPEZ

Derivation: Piecewise constant extraction

fee _ . d __ (gSin[c+dx])P _
Basis:If bc—-ad-=-0 A b =2, then Oy (e Cos[a:bx] PSin(abxl? =

Rule:if bc-ad=0 A & =2 A p¢zthen

(gsin[c+dx])P

j(eCos[a+bx])'" (gsin[c+dx])?dx — J-(eCos[a+bx])'“+pSin[a+bx]"d]x

(eCos[a+bx])PSin[a+ bx]P

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_.*(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
(g*Sin[c+dxx])~p/( (exCos[a+bxx]) ~p+Sin[a+bxx]"p) +Int[ (exCos[a+bxx])" (m+p) +Sin[a+bxx] p,x]| /;
FreeQ[{a,b,c,d,e,g,m,p},x] & EqQ[bxc-axd,0] &% EqQ[d/b,2] && Not[IntegerQ[p]]

Int[(f_.*sin[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
(g*Sin[c+dxx]) "p/(Cos [a+bxx]~p* (fxSin[a+bxx])~p) xInt[Cos [a+bxx]"px (fxSin[a+bxx])~ (n+p),Xx] /;
FreeQ[{a,b,c,d,f,g,n,p},x] && EqQ[bxc-a+d,0] && EqQ[d/b,2] & Not[IntegerQ[p]]

12



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

2. [ (ecosfa+bx])™ (fSin[a+bx])" (gSin[c +dx])Pdx whenbc-ad=08 A % =2
b

1: |Cos[a+bx]?Sin[a+bx]* (gSin[c+dx])"dx whenbc-ad=0 A s==2 A (s—ez" Vpe¢z)

Derivation: Algebraic expansion

Basis: Cos[z]?Sin[z]? = ;- + Cos[22]?

Note: Although not necessary, this rule produces a slightly simpler antiderivative than the following rule.

Rule:lif bc-ad=0 A 2=2A (Becz" Vpg¢z),then

1 1
JCos[a+bx]ZSin[a+bx]2 (gsin[c+dx])Pdx — —f(gSin[c+dx])"d1x— —-[Cos[c+dx]2 (gsin[c+dx])Pdx
4 4

Program code:

Int[cos[a_.+b_.*x_]"2%sin[a_.+b_.*x_]"2#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
1/4xInt[ (g*Sin[c+dxx])"p,x] -
1/4%Int[Cos[c+d#x] "2 (g*Sin[c+dxx])"p,x] /;

FreeQ[{a,b,c,d,g},x] & & EqQ[bxc-axd,0] && EqQ[d/b,2] && IGtQ[p/2,0]

13



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

2: J(eCos[a+bx])m (Fsin[a+bx])"sin[c+dx]Pdx whenbc-ad=0 A %::2 ApeZ

Derivation: Algebraic simplification
Basis: Sin[z] =2Cos| 2] Sin|Z]

Rule:lff bc-ad=0 A & =2 A pezthen

2P

eP fP

J(eCos[a+bx])“‘ (Fsin[a+bx])"sin[c+dx]Pdx — J\(eCos[a+bx])m+p (fsin[a+bx])""?dx

Program code:

Int[(e_.xcos[a_.+b_.*x_1)"m_.#(f_.«sin[a_.+b_.#x_])~n_.xsin[c_.+d_.*x_]"p_.,x_Symbol] :=
27p/ (e~p»f~p) xInt[ (exCos [a+bxx]) " (m+p) » (fxSin[a+bxx] )" (n+p),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x| & EqQ[bxc-axd,0] & EqQ[d/b,2] & IntegerQ[p]

3. J(eCos[a+bx])’" (Fsin[a+bx])" (gSin[c+dx])?dx whenbc-ad=0 A %::2 Apez

1: j(eCos[a+bx])'" (fsin[a+bx])" (gSin[c+dx])?dx whenbc-ad=0 A %::2 ApPEZ Am+p-1:=20

Rule:if bc-ad=0 A 2 =2Ap¢Z Am+p-1-=0,then

e (eCos[a+bx])™? (fsin[a+bx])™™ (gsin[c+dx])P

J(eCos[a+bx])"‘ (Fsinfa+bx])" (gSin[c+dx])dx —
bf (n+p+1)

Program code:
Int[(e_.#cos[a_.+b_.xx_]1) m_. (f_.xsin[a_.+b_.#x_])"n_.*(g_.»sin[c_.+d_.*x_])"p_,x_Symbol] :=

ex (exCos[a+bxx] )~ (m-1) ('F*S:i.n [a+bxX] )" (n+1) % (g*Sin [c+dxXx] ) "p/(b*f* (n+p+1) ) /3
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && EqQ[m+p+1,0]
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Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n 15

Int[(e_.*sin[a_.+b_.*x_]1)"m_x (f_.*cos[a_.+b_.*x_]1)"n_x(g_.#sin[c_.+d_.*x_])"p_,x_Symbol] :=
-ex (e*Sin[a+b*x])"(m—l)*('F*Cos[a+b*x])"(n+1)*(g*Sin[c+d*x])"p/(b*f* (n+p+1)) /5
FreeQ[{a,b,c,d,e,f,g,m,n,p},x| && EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && EqQ[m+p+1,0]

2: J(eCos[a+bx])"‘ (Fsinfa+bx])" (gSin[c+dx])?dx whenbc-ad=0 A %::2 APEZ AM+n+2p+2==0 Am+p+1#0

Rule:ifbc-ad=0 A =2 ApeZAm+n+2p+2=0Am+p=+1¢0,then

(eCos[a+bx])™! (fsin[a+bx])™" (gsin[c+dx])?

J(eCos[a+bx])'" (fsinfa+bx])" (gSin[c+dx])Pdx — -
bef (m+p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_.#(f_.*sin[a_.+b_.#x_])~n_.x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
- (exCos[a+bxx]) " (m+1) » (FxSin[a+bxx] )~ (n+1)  (g*Sin[c+dxx]) "p/(b*e*f* (m+p+1)) /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && EQQ[m+n+2xp+2,0] & NeQ[m+p+1,0]



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n 16

3. J(eCos[a+bx])'" (Fsin[a+bx])" (gSin[c+dx])?dx whenbc-ad=0 A E::Z ApPEZ Am>1

1. J(eCos[a+bx])“‘ (fsinfa+bx])" (gSin[c+dx])?dx whenbc-ad=0 A E::Z APEZ Am>1 Ap<-1

1: j(eCos[a+bx])’"(-FSin[a+bx])" (gsin[c+dx])Pdx whenbc-ad=0 A %2 ApPEZ AmM>3 Ap<-1An+p+1#0

Rule:ifbc-ad=0 A 2 =2Ap¢ZAm>3Ap<-1An+p+1z0,then

J(eCos[a+bx])"‘ (fsinfa+bx])" (gSin[c+dx])?dx —

e? (eCos[a+bx])™? (fsin[a+bx])" (gSin[c+dx])p+1 e* (m+p-1)
+

f(eCos[a+bx])'“‘4 (fsinfa+bx])" (gSin[c +dx])P?dx
2bg (n+p+1) 4g2 (n+p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_1)"m_x (f_.*sin[a_.+b_.*x_]1)"n_x(g_.#sin[c_.+d_.*x_])"p_,x_Symbol] :=
e"2x (exCos [a+bxx]) " (m-2) » (FxSin[a+bxx] ) *n« (gxSin[c+dxx] )~ (p+1) / (2xbxgx (n+p+1)) +
€™ (m+p-1) / (4%g"2% (n+p+1) ) xInt [ (exCos [a+bxx]) " (m-4) » (fxSin[a+bxx] ) nx (gxSin[c+d*x]) " (p+2),Xx]| /;
FreeQ[{a,b,c,d,e,f,g,n},x] & EqQ[bxc-axd,0] & EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[m,3] && LtQ[p,-1] & NeQ[n+p+1,0] & IntegersQ[2xm,2xn,2x|

Int[(e_.*sin[a_.+b_.*x_]1)"m_x (f_.*cos[a_.+b_.*x_]1)"n_x(g_.#sin[c_.+d_.*x_])"p_,x_Symbol] :=
—e"z*(e*sin[a+b*x])"(m—2)*(-F*Cos[a+b*x])"n*(g*sin[c+d*x])"(p+1)/(2*b*g*(n+p+1)) +
€™ (m+p-1) / (4%g"2% (n+p+1) ) xInt [ (exSin[a+bxx] )~ (m-4) » (fxCos [a+b*X] ) *nx (gxSin[c+d*x] ) (p+2),Xx]| /;

FreeQ[{a,b,c,d,e,f,g,n},x] & EqQ[bxc-axd,0] & EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[m,3] && LtQ[p,-1] & NeQ[n+p+1,0] & IntegersQ[2xm,2xn,2x|



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n 17

2: J‘(eCos[a+bx])m(-FSin[a+bx])n (gsin[c+dx])Pdx whenbc-ad=0 A %::2 APEZ AmM>LApP<-LAM+N+2p+2#0 An+p+1#£0

Rule:lff bc-ad =0 A %::ZApef:ZAm>1Ap<—1Am+n+2p+2¢0An+p+1¢@,then

J.(eCos[a+bx])'" (Fsinfa+bx])" (gSin[c+dx])Pdx —

eCos[a+bx])™ (fSin[a+bx])" (gSin[c+dx])”" g2 2p+2
( la+bxD" ( [a+bx])" (gSinic +dx]) .S m+n+2p+ )‘J‘(eCos[a+bx])m'2 (-Fsin[a+bx])"(gsin[c+dx])p*2dlx
2bg (n+p+1) 4g2 (n+p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_1)"m_x (f_.*sin[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
(exCos [a+bxx]) Amx (fxSin[a+bsx] ) n« (g*Sin[c+dxx] )~ (p+1) / (2xbxg* (n+p+1)) +
e"2x (M+n+24p+2) / (4%g" 2% (n+p+1) ) +Int [ (exCos[a+bxx]) " (m-2) * (fxSin[a+bxx]) n« (g*Sin[c+d+x])~ (p+2),X] /3

FreeQ[{a,b,c,d,e,f,g,n},x] && EqQ[bxc-a+d,0] && EqQ[d/b,2] & Not[IntegerQ[p]] && GtQ[m,1] && LtQ[p,-1] && NeQ[m+n+2xp+2,0] && NeQ[n+p+1,0] &&
IntegersQ[2xm,2xn,2xp] && (LtQ[p,-2] || EqQ[m,2] || EqQ[m,3])

Int[(e_.xsin[a_.+b_.*x_])"m_x (f_.xcos[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
- (exSin[a+bxx])~mx (fxCos[a+bxx] ) n« (g+Sin[c+dxx])" (p+1) / (2xbxgx (n+p+1)) +
e"2x (M+n+2xp+2) / (4*g 2% (n+p+1) ) *Int [ (e*Sin [a+bxX] )" (m-2) % (-F*Cos [a+bxX] ) nx (g*Sin [c+d*xX] )" (p+2) ,x] /3

FreeQ[{a,b,c,d,e,f,g,n},x| & EqQ[bxc-axd,0] & EqQ[d/b,2] & Not[IntegerQ[p]] && GtQ[m,1] & LtQ[p,-1] && NeQ[m+n+2xp+2,0] && NeQ[n+p+1,0] &&
IntegersQ[2xm,2xn,2xp] & (LtQ[p,-2] || EqQ[m,2] || EqQ[m,3])



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n 18

2: f(eCos[a+bx])'“(-FSin[a+bx])" (gsin[c+dx])?dx whenbc-ad=0 A S::Z APEZ AmM>1LAN<-1An+p+1#0

Rule:lff bc-ad =0 A %::Zqu;ZAm>1An<—1An+p+1¢0,then

J.(eCos[a+bx])'" (Fsinfa+bx])" (gSin[c+dx])Pdx —

e (eCos[a+bx])™? (1:Sin[a+bx])"+1 (gsin[c+dx])? e (m+p-1)

+ J‘(eCos[a+bx])““2 (-FSin[a+bx])n+2 (gsin[c+dx])"dx
bf (n+p+1) f2 (n+p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_1)"m_x (f_.*sin[a_.+b_.*x_])"n_x(g_.#sin[c_.+d_.*x_])"p_,x_Symbol]| :=
ex (exCos [a+bxx]) A (m-1) x (F+Sin[a+bxx])” (n+1) x (g*Sin[c+dxx] ) p/ (bsfx (n+p+1)) +
e72x (m+p-1) /(F22x (n+p+1) ) »Int [ (exCos[a+bxx]) " (m-2) « (FxSin[a+bxx] )~ (n+2) « (g*Sin[c+d*x])~p,x] /;
FreeQ[{a,b,c,d,e,f,g,p},x] && EqQ[bxc-a+d,0] && EqQ[d/b,2] & Not[IntegerQ[p]] && GtQ[m,1] && LtQ[n,-1] && NeQ[n+p+1,0] & IntegersQ[2xm,2#n,2x|

Int[(e_.#sin[a_.+b_.xx_]) m_x (f_.#cos[a_.+b_.xx_]1)"n_x(g_.#sin[c_.+d_.xx_])"p_,x_Symbol] :=
-ex (e*Sin[a+b*x])"(m—l)*(-F*Cos[a+b*x])"(n+1)*(g*sin[c+d*x])"p/(b*f* (n+p+1)) +
e72x (m+p-1) /(F22x (n+p+1) ) »Int [ (exSin[a+bxx] )~ (m-2) « (FxCos [a+bxx] )~ (n+2) « (g*Sin[c+d*x])~p,X] /;
FreeQ[{a,b,c,d,e,f,g,p},x] && EqQ[bxc-a+d,0] && EqQ[d/b,2] & Not[IntegerQ[p]] && GtQ[m,1] && LtQ[n,-1] && NeQ[n+p+1,0] & IntegersQ[2xm,2#n,2x|



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n 19

3: f(eCos[a+bx])'“(-FSin[a+bx])" (gsin[c+dx])?dx whenbc-ad=0 A S::Z APEZ AmM>1LAmM+n+2p#0

Rule:ifbc-ad=0 A 2 =2ApezZAm>1Am+n+2p+0,then

J.(eCos[a+bx])'" (Fsinfa+bx])" (gSin[c+dx])Pdx —

e (eCos[a+bx])™? (-FSin[a+bx])n+1 (gSin[c+dx])p e2 (m+p-1)
+
bf (m+n+2p) m+n+2p

J‘(eCos[a+bx])""2 (Fsin[a+bx])" (gSin[c+dx])"dx

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_x (f_.*sin[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
ex (exCos [a+bxx]) A (m-1) » (FxSin[a+bsx]) " (n+1) x (g+Sin[c+dxx])*p/ (bxFfx (mn+2xp)) +
e"2x (m+p-1) / (m+n+2xp) +Int [ (exCos [a+bxx]) " (m-2) * (fxSin[a+bxx]) nx (gxSin[c+d+x]) p,x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x| && EqQ[bxc-a+d,0] & EqQ[d/b,2] && Not[IntegerQ[p]] & GtQ[m,1] && NeQ[m+n+2+p,0] && IntegersQ[2xm,2+n,2+p]

Int[(e_.»sin[a_.+b_.*x_1)"m_x(f_.xcos[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
-ex (e*Sin[a+b*x])"(m—l)*('F*Cos[a+b*x])"(n+1)*(g*Sin[c+d*x])"p/(b*f*(m+n+2*p)) +
e"2x (m+p-1) / (M+n+2#p) +Int [ (exSin[a+bxx] )" (m-2) « (fxCos [a+bxx])*nx (gxSin[c+d#x]) p,x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x] && EqQ[bxc-axd,0] & EqQ[d/b,2] && Not[IntegerQ[p]] && GtQ[m,1] & NeQ[m+n+2xp,0] && IntegersQ[2xm,2xn,2xp]



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

4, J(eCos[a+bx])’" (Fsin[a+bx])" (gSin[c+dx])?dx whenbc-ad=0 A E::Z ApPEZ Am<-1

1: J(eCos[a+bx])“‘(-FSin[a+bx])" (gsin[c+dx])?dx whenbc-ad=0 A E::Z APEZ AM<-1AN>0AP>0AM+n+2p#0

Rule:lf bc-ad =0 A %::ZApezZAm<—1/\n>0/\p>0/\m+n+2p¢0,then

J(eCos[a+bx])“‘ (fsinfa+bx])" (gSin[c+dx])?dx —

f (eCos[a+bx])™? (-FSin[a+bx])“'1 (gsin[c+dx1)? 2fg(n+p-1)
+

J(eCos[a+bx])"1+1 (fsinfa+bx])"™" (gsin[c+dx])P " dx
be (m+n+2p) e (m+n+2p)

Program code:

Int[(e_.xcos[a_.+b_.*x_1)"m_x (f_.xsin[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
--F*(e*Cos[a+b*x])"(m+1)*(-F*Sin[a+b*x])"(n—l)*(g*sin[c+d*x])"p/(b*e*(m+n+2*p)) +
24fxg# (N+p-1) / (e (M+n+2xp) ) »Int[ (exCos [a+bxx])~ (m+1) » (FxSin[a+bxx] )" (n-1) * (g*Sin[c+dxx])~ (p-1),x] /;

FreeQ[{a,b,c,d,e,f,g},x] & EqQ[bxc-axd,0] & EqQ[d/b,2] && Not[IntegerQ[p]] && LtQ[m,-1] && GtQ[n,@] & GtQ[p,0] 8&& NeQ[m+n+2xp,0] &&
IntegersQ[2xm,2xn,2xp]

Int[(e_.xsin[a_.+b_.*x_])"m_x (f_.xcos[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
fx (e*Sin [a+bxX] )" (m+1) ('F*COS [a+bxX] ) A(n-1) (g*Sin [c+d*X] ) "p/(b*e* (m+n+2xp)) +
2xfxgx (N+p-1) / (ex (m+n+2xp) ) xInt [ (e*Sin [a+bxX] )" (m+1) % (-F*Cos [a+bxX] )" (n-1) » (g*Sin [c+dxX] ) A (p-1) ,x] /5

FreeQ[{a,b,c,d,e,f,g},x] & EqQ[bxc-axd,0] && EqQ[d/b,2] & Not[IntegerQ[p]] && LtQ[m,-1] && GtQ[n,0] && GtQ[p,0] && NeQ[m+n+2#p,0] &&
IntegersQ[2xm,2xn,2xp]

20



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n 21

2:
J‘(eCos[a+bx])’"(-FSin[a+bx])n (gsin[c+dx])Pdx whenbc-ad=0 A %::2 APEZ AM<-1AN>OAP<-1AM+N+2p+2#0 Am+p+1#£0

Rule:lff bc-ad==0 A %::ZApezZAm<—1An>@Ap<—1Am+n+2p+2¢0Am+p+1¢0,then

~J‘(eCos[a+bx])'" (fsinfa+bx])" (gSin[c+dx])Pdx —

(e Cos[a+bx])m™?! (-FSin[a+bx])n+1 (gSin[c+dx])p fM+n+2p+2)
+

J(eCos[a+bx])"‘*1 (-FSin[a+bx])"'1 (gSin[c+dx])p+1d1x
bef (m+p+1) 2eg (m+p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_])"m_x (f_.*sin[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
- (exCos[a+bxx]) A (m+1) # (fxSin[a+bxx])~ (n+1) # (g*Sin[c+dxx]) p/ (bxexfx (mrp+1)) +
fx (Men+2xp+2) / (2xexgx (M+p+1) ) xInt [ (exCos [a+bxx] )~ (m+1) » (FxSin[a+bxx] )~ (n-1) « (g+Sin[c+d*x]) " (p+1),x] /;

FreeQ[{a,b,c,d,e,f,g},x] && EqQ[bxc-axd,0] & EqQ[d/b,2] && Not[IntegerQ[p]] && LtQ[m,-1] && GtQ[n,0] &% LtQ[p,-1] && NeQ[m+n+2xp+2,0] &&
NeQ[m+p+1,0] && IntegersQ[2xm,2xn,2xp]

Int[(e_.xsin[a_.+b_.*x_])"m_x (f_.xcos[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
(exSin[a+bxx])~ (m+1) » (fxCos [a+bxx])~ (n+1) » (gxSin[c+dxx] ) p/ (bxexfx (m+p+1)) +
fx (M+n+2xp+2) / (2xexg* (m+p+1) ) xInt [ (e*Sin [a+bxX] ) A(m+1) * (-F*Cos [a+bxX] ) A(n-1) % (g*Sin [c+d*X] ) A (p+1) ,x] /3

FreeQ[{a,b,c,d,e,f,g},x] & EqQ[bxc-axd,0] && EqQ[d/b,2] & Not[IntegerQ[p]] && LtQ[m,-1] && GtQ[n,0] && LtQ[p,-1] && NeQ[m+n+2+p+2,0] &&
NeQ[m+p+1,0] && IntegersQ[2xm,2xn,2xp]



Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

3: f(eCos[a+bx])'“(-FSin[a+bx])" (gsin[c+dx])?dx whenbc-ad=0 A S::Z APEZ AM<-1AM+n+2p+2#0 Am+p+1#£0

Rule:ifbc-ad=0 A =2 ApezZAm<-1AmM+n+2p+2+0 Am+p+1#86,then

J.(eCos[a+bx])'" (Fsinfa+bx])" (gSin[c+dx])Pdx —

(e Cos[a+bx])™? (-FSin[a+bx])n+1 (gSin[c+dx])p men+2p+2
+ J(eCos[a+bx])’“*2 (Fsinfa+bx])" (gsSin[c+dx])"dx

bef (m+p+1) eZ2 (m+p+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_1)"m_x (f_.*sin[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
- (exCos[a+bxx]) A (m+1) # (fxSin[a+bxx])~ (n+1) # (g*Sin[c+dxx]) p/ (bxexfx (mep+1)) +
(m+n+2xp+2) / (e"2x (m+p+1) ) *Int [ (exCos [a+bxx]) " (m+2) # (FxSin[a+bxx])n« (g+Sin[c+d*x])"p,x] /;

FreeQ[{a,b,c,d,e,f,g,n,p},x] && EqQ[bxc-axd,0] & & EqQ[d/b,2] && Not[IntegerQ[p]] && LtQ[m,-1] && NeQ[m+n+2xp+2,0] && NeQ[m+p+1,0] &&
IntegersQ[2xm,2xn,2xp]

Int[(e_.xsin[a_.+b_.*x_])"m_x (f_.xcos[a_.+b_.*x_]1)"n_.#(g_.*sin[c_.+d_.#x_])"p_,x_Symbol] :=
(exSin[a+bxx])~ (m+1) » (fxCos [a+bxx] )~ (n+1) » (gxSin[c+dxx] ) p/ (bxexfx (m+p+1)) +
(M+n+2xp+2) / (€~2x (m+p+1) ) *Int [ (e*sin [a+b*xX] ) A(M+2) % (f*COS [a+bxX] )"n* (g*Sin [c+d*xX] ) "p,x] /5

FreeQ[{a,b,c,d,e,f,g,n,p},x| && EqQ[bxc-a+d,0] & EqQ[d/b,2] && Not[IntegerQ[p]] & LtQ[m,-1] && NeQ[m+n+2xp+2,0] && NeQ[m+p+1,0] &&
IntegersQ[2xm,2xn,2xp]
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Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

x: j(eCos[a+bx])"‘ (Fsinfa+bx])" (gSin[c+dx])?dx whenbc-ad=0 A §==2 APEZ AM+PEZ AN+peZ

Rule:ifbc-ad=0 A $=2ApeZAm+peZ An+p¢Zthen

J(eCos[a+bx])'“ (Fsin[a+bx])" (gSin[c+dx])dx —

(e Cos[a+bx])™? (1:Sin[a+bx])n+1 (gsin[c+dx])P . n+p-1 m+p+1 m+p+3 ,
- Hyper‘geometr‘chFl[— » s , Cos[a+bx] ]
2

n+p+l
bef (m+p+1) (Sin[a+bx]2):_ 2 2

Program code:

(» Int[(e_.xcos[a_.+b_.#x_]) m_# (f_.xsin[a_.+b_.#«x_])~n_.x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
- (exCos[a+bxx])” (m+1) ('F*Sin [a+b*Xx] ) A(n+l) * (g*Sin [c+d*X] ) "p/(b*e*f* (m+p+1) * (Sin [a+b*x] "2) A((n+p+1) /2) ) *
Hypergeometric2F1[- (n+p-1) /2, (m+p+1) /2, (m+p+3) /2,Cos [a+bxx]*2] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]] && Not[IntegerQ[m+p]] && Not[IntegerQ[n+p]] =)
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Rules for integrands of the form (c trig(a+b x))”~m (d trig(a+b x))"™n

5: -J.(eCos[a+bx])“1 (Fsinfa+bx])" (gSin[c+dx])?dx whenbc-ad=0 A %::2 ApPEZ

Derivation: Piecewise constant extraction

fee _ . d __ (gSin[c+d x])P _
Basis:If bc -~ad=0 A - = 2,then o (e CosTasbxl)P (Fsinfarbx])? = ©

Rule:if bc-ad=0 A & =2 A p¢zthen

(gsin[c+dx])®

j(eCos[a+bx])’" (fsinfa+bx])" (gSin[c+dx])?dx — T J(eCos[a+bx])’"*p (fsinfa+bx])"" dx

(eCos[a+bx])P (fSin[a+bx]

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_.#(f_.xsin[a_.+b_.#x_])~n_.x(g_.*sin[c_.+d_.*x_])"p_,x_Symbol] :=
(g*Sin[c+d*x])"p/((e*Cos[a+b*x])"p*(-F*Sin[a+b*x])"p)*1nt[(e*Cos[a+b*x])"(m+p)*(f*sin[a+b*x])"(n+p),x] /3
FreeQ[{a,b,c,d,e,f,g,m,n,p},x| && EqQ[bxc-axd,0] && EqQ[d/b,2] && Not[IntegerQ[p]]

3: J(eCos[a+bx])'“Sin[c+dx] dx whenbc-ad=0 A %::Abs[m+2]

Rule:if bc-ad =0 A ¢ == Abs[m+ 2], then

(m+2) (eCos[a+bx])™XCos[(m+1) (a+bx)]

J(eCos[a+bx])mSin[c+dx] dx — -
de (m+1)

Program code:

Int[(e_.xcos[a_.+b_.*x_]1)"m_.#sin[c_.+d_.*x_],x_Symbol] :=
- (m+2) » (exCos[a+b*x] )~ (m+1) *xCos[ (m+1) » (a+b%x) ]/ (dxex (m+1)) /;
FreeQ[{a,b,c,d,e,m},x] && EqQ[bxc-axd,0] && EqQ[d/b,Abs[m+2]]
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